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Multi-mode expansions in computational quantum dynamics promise convergence toward exact results upon
increasing the number of modes. Convergence is difficult to ascertain in practice due to the unfavourable scaling
of required resources for many-particle problems and therefore a simplified criterion based on a threshold value
for the least occupied mode function is often used. Here we show how the separable quantum motion of the
center of mass can be used to sensitively detect unconverged numerical multi-particle dynamics in harmonic
potentials. Based on an experimentally relevant example of attractively interacting bosons in one dimension,
we demonstrate that the simplified convergence criterion fails to assure qualitatively correct results. Further-
more, the numerical evidence for the creation of two-hump fragmented bright soliton-like states presented by
Streltsov et al. [PRL 100, 130401 (2008)] is shown to be inconsistent with exact results. Implications for our
understanding of dynamical fragmentation in attractive boson systems are briefly discussed.
PACS numbers: 02.70.-c, 03.75.Lm, 03.65.-w, 05.60.Gg
Recent advances in the field of ultracold atoms have made
it possible to observe the quantum dynamics of few to many
particles under unitary time evolution [1]. The opportunity to
explain and predict novel effects motivates computational ap-
proaches, which face the challenge of vast complexity [2, 3].
Variational multi-mode dynamics seeks to reduce the compu-
tational complexity by expanding the wave function with a
small number M of optimised mode functions [4–7]. Specifi-
cally adapted for bosonic particles is the multi-configurational
time-dependent Hartree method for bosons (MCTDHB) [8]. It
provides a hierarchy of approxmations beyond the Hartree or
Gross-Pitaevskii mean-field theory [9], to which it reduces for
M = 1. The ability to represent fragmented Bose-Einstein
condensates and correlated wave functions for M > 1 is the
defining feature of the approach. While the limit of large M
formally recovers the multi-particle Schro¨dinger equation, it
is often impossible to verify convergence through increasing
M due to prohibitive computational requirements. This moti-
vates the search for independent convergence checks.
Here we test the convergence of MCTDHB simulations by
exploiting the artificial coupling of the center-of-mass (COM)
and relative motion in the truncated multi-mode expansion. In
harmonic external potentials and homogeneous gauge fields,
the COM dynamics of a many-particle system is independent
of the particle interactions by the generalised Kohn’s theo-
rem [10, 11]. Including time-dependent, anisotropic, rotat-
ing, or absent trapping potentials of any number of spatial di-
mensions, this result covers a wide range of experimentally
relevant scenarios, where the exact quantum mechanical time
evolution of the COM can be easily obtained. Since a con-
vergent simulation is typically required to reproduce the exact
COM dynamics, a comparison between both results serves as
a sensitive convergence test.
An interesting scenario for quantum dynamics with ultra-
cold atoms is provided by attractive bosons in narrowly con-
fining elongated traps, where bright matter-wave solitons of
102 to 104 atoms have been observed [12–17]. Fragmenta-
tion of the Bose-Einstein condensate can be anticipated from
theoretical arguments [18], even though experiments have
been largely consistent with Gross-Pitaevskii (M = 1) the-
ory. The tendency to form many-particle bound states [19],
which are themselves well approximated by the Hartree ap-
proximation [10], further motivates the use of multi-mode
expansions, and several MCTDHB-based studies have been
published [5, 6, 22]. In this work we find a pathologically
slow convergence of the MCTDHB expansion for untrapped
or weakly-trapped attractive bosons where the COM length
scale becomes of the same order or larger than the typical
length scale of relative motion. Specifically, we find that pre-
dictions for the dynamical creation of the two-humped, two-
fold fragmented states of attractive bosons named “fragmen-
tons” in Ref. [5] were based on unconverged MCTDHB sim-
ulations and are inconsistent with the exact COM dynamics.
We further find that previously proposed internal convergence
checks of MCTDHB fail to reliably detect unconverged re-
sults, including the popular strategy of setting a threshold for
the smallest eigenvalue of the single-particle density matrix to
estimate the relevance of the least important mode [4, 5, 24].
For definiteness, we consider the dynamics of N bosons of
mass m in one dimension with the Hamiltonian
Hˆ =
N∑
i=1
h(xi, t) + g(t)
∑
i<j
δ(xi − xj) = HˆR + Hˆr, (1)
where h(x, t) = − ~22m ∂
2
∂x2 +
1
2mω(t)
2x2, and g < 0 is the
coupling parameter of attractive interactions [25]. Due to the
harmonic trapping potential the problem is separable and the
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2COM Hamiltonian HR = − ~22Nm ∂
2
∂R2 +
1
2Nmω(t)
2R2 for-
mally defines a single-particle problem in the COM coordi-
nate R = N−1
∑
i xi. The Hamiltonian of relative motion
Hr depends only on theN−1 distances between particles and
commutes with HR. Thus the time evolution of any observ-
ables that are purely related to the COM coordinate is com-
pletely independent of the interaction strength. This is very
useful for checking the convergence of multi-mode simula-
tions.
Multi-mode quantum dynamics – The MCTDHB method is
based on the variational ansatz for the quantum state
|Ψ(t)〉 =
∑
n1,...,nM
Cn1,...,nM (t)
M∏
k=1
1√
nk!
[bˆ†k(t)]
nk |vac〉,
(2)
withN =
∑M
k=1 nk particles. Both the expansion coefficients
and the single-particle functions φk(x, t) = 〈x|bˆ†k(t)|vac〉 are
time dependent and their evolution equations follow from a
variational principle (for details see Ref. [8]). The main pa-
rameter determining the accuracy and computational effort of
MCTDHB simulations is the number of single-particle modes
M . The COM variance σ2R ≡ 〈(R − 〈R〉)2〉 can be obtained
from (2) through the two-body density matrix ρ(2)(x, y) =
〈ψˆ†(x)ψˆ†(y)ψˆ(x)ψˆ(y)〉 as [26],
σ2R(t) =
∫
x2 + (N − 1)xy
N2(N − 1) ρ
(2)(x, y; t) dxdy. (3)
Since the expansion (2) refers to single-particle quantities
rather than the separated COM and relative coordinates, it
does not trivially respect the separability. The simulated
time evolution of the COM variance will thus be exact in
two limits: When the expansion (2) is fully converged, or
when particle interactions vanish (g = 0). In the latter case
the MCTDHB time evolution reduces to uncoupled single-
particle Schro¨dinger equations, which can be solved accu-
rately within the chosen discretisation scheme [8]. A simple
convergence test is thus obtained by re-running a given simu-
lation with g = 0. If the interacting simulation is fully con-
verged, the resulting time evolution of the COM must agree in
both cases [27].
Dynamical fragmentation – As an example we consider the
quantum time evolution of a bright soliton state following
Ref. [5]. The initial state is prepared as a simple product state
(M = 1) of N = 1000 bosons with φ1(x, 0) ∝ sech(x/`),
where ` is a unit length scale, and the time evolution is sim-
ulated with MCTDHB in the absence of a trap [i.e. ω = 0 in
Eq. (1)] and with gm`/~2 = −0.008. The time evolution di-
agrams of the single-particle density with M = 1 and M = 2
shown in panels (a) and (b) of Fig. 1 are consistent with the
previously published results (see Fig. 1 case III in Ref. [5]).
The COM variance shown in Fig. 1(d) deviates strongly from
the exact time evolution and demonstrates that the MCTDHB
results are unconverged.
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FIG. 1. (Color online) Time evolution ofN = 1000 attractive bosons
prepared in a product initial state corresponding to a mean-field soli-
ton following Ref. [5]. (a) – (c) The time evolution of the single-
particle density 〈ψˆ†(x)ψˆ(x)〉 from MCTDHB simulations for differ-
ent mode numbers. The M = 2 simulation (b) was used in Ref. [5]
as evidence for the dynamical formation of two-humped fragented
quantum states called “fragmentons”. (d) The time evolution of the
COM variance is compared to the exact result (thick line) from a
g = 0 simulation.
Streltsov et al. [5] used the simulation result of Fig. 1(b)
as evidence for the dynamical formation of two-hump frag-
mented states. They argued that the simulation corresponds to
an interaction quench where the initial state, which is a Gross-
Pitaevskii-level approximation to a bright matter wave soliton,
is suddently subjected to increased interactions. While a split-
ting into two equal-sized fragments or solitons is energetically
not possible in the Gross-Pitaevskii equation (M = 1), a frag-
mented Fock state of the form |N/2, N/2〉 with overlapping
two-hump functions φ1/2 is energetically allowed and can be
described within the expansion (2) with M = 2 modes [5].
This argument is consistent with the splitting of the single-
particle density into two rapidly parting fragments seen in
Fig. 1(b), but the exact time evolution of the COM variance
is not. The outward motion of the fragments starting shortly
after t = 6m`2/~ goes in hand with a rapid increase of the
COM variance as seen by the thin (red) line in 1(d), growing to
almost two orders of magnitude larger than the exact dynam-
ics of σ2R at t = 10m`
2/~. This leads us to the conclusion
that dynamical fragmentation cannot happen in just the way
that was described in Ref. [5], but it leaves open the question
whether other dynamical processes might favour the forma-
tion of “fragmentons”. The M = 3 simulation [Fig. 1(c),
3(d)], which was not available at the time of publication of [5],
shows significant changes compared to the M = 2 case and
further demonstrates that two modes are not sufficient to de-
scribe the exact quantum dynamics. Careful examination of
the early-time dynamics of the COM variance in Fig. 1(d) re-
veals an interesting observation: MCTDHB consistently (for
M = 1, 2, 3) predicts an initial decrease of the COM variance
while the exact σ2R increases monotonically. This illustrates
the artificial coupling of the COM with the contracting relative
coordinates in MCTDHB. However, importantly, the graphs
for M = 2 and 3 are on top of each other until t ≈ 1m`2/~.
Without the knowledge of the exact COM dynamics, judging
from the observed succession of MCTDHB results under the
assumption that the expansion (2) is convergent, one would
come to the erroneous conclusion that the observed contrac-
tion of the COM variance at early times was a reliable and
converged result. The obvious discrepancy with the exact re-
sult implies that a conventional convergence check based on
observing the absence of change while increasing the mode
number M fails in this example. Many more modes would be
required to converge the expansion (2), which is unfeasible.
For this reason it is particularly important to be able to solve
the COM dynamics exactly in order to detect these artefacts
of the simulation.
In order to better understand the convergence properties
of MCTDHB for attractive bosons we consider a closely re-
lated, exactly solvable, and experimentally realisable scenario
where two bosons are initially prepared in the ground state
of a harmonic trap with frequency ω0 and released from the
trap at t = 0. Simulating the dynamics with up to M = 10
modes provides a wealth of internal information that can be
used to asses the convergence properties of MCTDHB. Figure
2 shows the results of an unconverged MCTDHB simulation
with M = 10 modes.
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FIG. 2. Time evolution of N = 2 particles after sudden release from
a harmonic trap; gmλ0/~2 = −3.16. (a) Center-of-mass variance
exact time evolution σ2R = λ
2
0(2N)
−1[1+(~t/mλ20)2] (full line) and
MCTDHB simulation with M = 10 modes (broken line) showing
unphysical breathing oscillations. Left inset: COM wave function
before (t = 0, broken line) and after trap release (tω0 = 2, full
line). (b) Eigenvalues of the single-particle density matrix for the
MCTDHB simulation. Right inset: Semi-logarithmic scale showing
that the lowest occupancy is below the threshold value 10−3 for all
times.
Natural occupancy criterion – The relevance of mode func-
tions in the MCTDHB expansion is assessed by examining
the eigenvalues nNOk of the single-particle density matrix,
also known as natural occupancies, from 〈ψˆ†(x)ψˆ(y)〉 =∑M
k=1 n
NO
k ϕ
∗
k(x)ϕk(y), where
∑
k n
NO
k = N and eigen-
values are ordered by size nNO1 ≥ · · · ≥ nNOM ≥ 0. A
rapidly decreasing sequence of eigenvalues in the exact single-
particle density matrix is expected to signal convergence of
the multi-mode expansion (2) [4]. Since exact results are usu-
ally not available, instead it has become popular to draw con-
clusions from the natural populations obtained from the vari-
ational MCTDHB simulation. A commonly used criterion as-
sumes that the simulation is converged if the smallest rela-
tive population lies below a threshold value [28] and recently
nNOM /N < 10
−3 has been used for ultra-cold atom experi-
ments [24, 29–31] (10−2 in Ref. [32]). The results shown in
Fig. 2 provide an example where the threshold criterion fails,
while comparison of the COM dynamics with exact results
clearly shows that the simulation is not converged. Beyond
the possibility that simply a smaller threshold value may need
to be set, we argue that the logic behind the threshold crite-
rion is flawed because it ignores the possibility that (a) a large
number of natural orbitals with very small occupancies can
still have an important sum contribution to the density ma-
trix, (b) the natural occupancy of the M -th mode may be un-
derestimated by the variational approach, and (c) the nonlin-
ear evolution equations of MCTDHB may amplify small in-
accuracies in the fractional occupancies into large deviations
of observables at later times. While good-natured examples
were reported in the literature [33, 34] where these problems
do not arise, all three possibilities play a role in the break-
down of the criterion for attractive bosons. Specifically, the
variational MCTDHB calculation of the trapped ground state
(initial state in Fig. 2) yields a smallest natural occupancy of
nNO10 /N = 1.2×10−4 (M = 10) compared to the almost four
times larger exact value of nNO10 /N = 4.5×10−4 (exact), sup-
porting concern (b). It validates point (a) that the cumulative
contribution of natural orbitals beyond the 10 highest occu-
pied, 1 − N−1∑10i=1 nNOi = 1.4 × 10−3 (exact), is an order
of magnitude larger than the MCTDHB value for the 10th nat-
ural occupancy, confirming that the latter is a poor estimate
for the former. Even though these numbers are several or-
ders of magnitudes smaller than unity and a reasonably faith-
ful representation of the true quantum state might be expected,
a 23% deviation of the COM variance from the exact value in-
dicates a poorly converged result instead. Finally re-running
the MCTDHB simulation with a slightly modified initial state
(optimised to M = 9 modes) we indeed find a sensitive de-
pendence on initial conditions as anticipated in point (c) where
a change in the breathing frequency and amplitude will lead
to completely different values of σ2R after a few periods.
Role of the particle number – It is instructive to consider
the convergence properties of MCTDHB in dependence of
the available parameters. In contrast to the repulsive Bose
gas, which has a dimensionless interaction parameter [35],
the interaction strength scales out for untrapped attractive
410−1
100
σR/σsol
V
ar
ia
n
ce
[λ
2 0
]
 
 
σ
2
n : M = 3
σ
2
n : M = 1
σ
2
n : exact
σ
2
R : M = 3
σ
2
R : exact
σ
2
sol
0 0.5 1 1.5
10−5
10−4
10−3
10−2
10−1
100
σR/σsol
n
N
O
k
/N
 
 
nNO1
nNO2
nNO3
FIG. 3. Ground state properties of harmonically trapped attractive
bosons in one dimension for N = 2 particles as a function of the
length-scale ratio σR/σsol. The top panel shows the COM variance
σ2R and the variance of the single-particle density σ
2
n from exact and
simulated MCTDHB results. For comparison also the soliton vari-
ance σ2sol is shown. This relative motion length scale is clearly seen
to influence the variational M = 3 result in the limit of weak trap-
ping potential.
bosons and the only remaining dimensionless parameter is
the particle number N [19]. A second dimensionless pa-
rameter is available in a harmonic trap by comparing rele-
vant length scales. The ratio σR/σsol allows for a mean-
ingful comparison of results between varying particle num-
ber and is thus used for comparing ground state calculations
of attractive bosons in Figs. 3 and 4. Here, σ2R = λ
2
0/(2N)
is the ground state COM variance in the harmonic trap and
σ2sol = ~4pi2/[3g2m2(N − 1)2] is the variance of the soliton
particle density ∝ sech2(pix/[2√3σsol]) obtained for the un-
trapped ground state with M = 1 [18], a characteristic length
scale determined by particle interactions.
The MCTDHB results for the variance of the single-particle
density σ2n and COM variance σ
2
R of Figs. 3 and 4 show good
agreement with exact results only for σR/σsol  1, which is
a weakly-interacting or strong-trap limit where the harmonic
potential dominates all length scales of the quantum state. As
soon as the interacting length scale σsol becomes comparable
to or smaller than the COM length scale, significant deviations
from exact results occur for the numerically obtained σ2n and
σ2R. In the weak-trap regime σR  σsol, the deviation can
become arbitrarily large.
So could the failure of the MCTDHB approximation be de-
tected by internal criteria, i.e. without comparing to exact re-
sults? This appears possible for N = 2 particles, where the
threshold of 10−3 for the lowest occupancy would signal un-
converged results for σR/σsol & 0.2. Inspecting the sequence
of numerical results with increasing M further indicates that
convergence is very slow [36]. The situation is far worse with
N = 100 particles, where increasing M further may not be
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FIG. 4. Same as Fig. 3 with N = 100 bosons. The shaded region
depicts the known limits for σ2n: σ2R ≤ σ2n / σ2R + σ2sol [36].
an option due to limited computational resources [37]. Analy-
sis of the natural occpancies provides the consistent picture of
an almost pure Bose-Einstein condensate, with the least occu-
pancy well below the threshold. Further, the main observable
σ2n displays little variation betweenM = 1 andM = 3 on the
scale of Fig. 4 and clearly shows the same trend as function
of σR/σsol. We are thus led to the conclusion that the detec-
tion of spurious results from MCTDHB is much more difficult
and may even be impossible without exact results to compare
with, for particle numbers of the order of 100 or larger.
Why is MCTDHB unable to capture the physics of the
weak trap regime while the Hartree approximation (M = 1)
is known to reproduce the exact, untrapped ground state en-
ergy to leading order for large N [10], and previous work has
found MCTDHB to converge nicely at large N [34]? The
Hartree approximation fails to describe the delocalisation of
the COM in the untrapped limit [18] because the variational
principle, conditioned to minimise the total energy, finds the
best compromise in localising the single available mode func-
tion φ1(x). When a finite number M > 1 is used in the
multi-mode expansion, it is still energetically advantageous
to localise the mode functions. Indeed, an infinite number of
mode functions is needed to represent a state with delocalised
COM but bound relative motion [36].
In conclusion, we have demonstrated how easily obtain-
able, accurate results for the COM variance were useful in
detecting unconverged results and in demonstrating the fail-
ure of several popular internal convergence checks of MCT-
DHB. The possible dynamical creation of “fragmentons” is re-
opened for discussion as numerical evidence in Ref. [5] turned
out spurious. Our findings call for a systematic re-evaluation
of the available convergence criteria for numerical quantum
dynamics and what is required to claim “numerically exact”
results [24, 32, 38–40]. The comparison of COM dynamics
with independent, exact results may be useful for other nu-
5merical methods of quantum dynamics and is available in any
spatial dimensions and for any particle statistics as long as ex-
ternal potentials are at most harmonic.
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DETAILS OF THE NUMERICAL SIMULATIONS
Numerical simulations were performed with the open-
source QiwiB implementation of MCTDHB [1], using stan-
dard Runge Kutta time evolution and representing spatial
derivatives with five point stencil finite differences. For the
N = 2 ground-state results in Figs. (3) and (4), we have per-
formed simulations on a 1400 point equidistant grid with dif-
ferent values of the coupling constant g using L = 30λ0 as
the computational box length for gmλ0/~2 ≥ −0.7794 and
L = 14λ0 for stronger interactions. While for N = 100,
we have used a 2000 point equidistant grid with L = 30λ0
for gmλ0/~2 ≥ −0.0714 and L = 10λ0 for stronger in-
teractions. For the time-evolution of the COM variance, we
have used 600 point equidistant grid with L = 25λ0 for both
M = 9 and M = 10 simulations. We have assured ourselves
that the results are converged with respect to changes in these
parameters and those of time and space discretization. In addi-
tion, we have compared the QiwiB results against an indepen-
dent implementation of MCTDHB [2], which produced iden-
tical results at the reported accuracy. The simulations of the
quench dynamics are performed in two steps: (1) relaxation to
the ground state of the harmonic trap and (2) time propagation
after turning off the trap.
INTERACTION DEPENDENCE OF THE
CENTER-OF-MASS (COM) VARIANCE
It follows from very general principles that observables
linked only to the COM wave function are independent of the
interaction strength for at most harmonic potentials or con-
stant gauge fields. Here we demonstrate this explicitly for the
COM variance and a many particle system governed by the
Hamiltonian of Eq. (1). For this purpose we write an arbitrary
initial quantum state as
|Ψ0〉 =
∑
µ,ν
cµν |χµ〉|Φν〉, (S1)
where {|χµ〉} is a complete basis set which depends only on
the COM and {|Φν〉} is a complete basis set which depends
on the N − 1 relative motion degrees-of-freedom. We further
write the time evolution of the many-body wavefunction as
(~ = 1)
|Ψ(t)〉 = e−i(HˆR+Hˆr)t|Ψ0〉. (S2)
In Eq. (S2), the total Hamiltonian was written as Hˆ = HˆR +
Hˆr, where HˆR is the COM Hamiltonian and the remain-
ing terms, including the interaction-dependent operators, form
Hˆr. Then we can explicitly write
|Ψ(t)〉 = e−i(HˆR+Hˆr)t
∑
µ,ν
cµν |χµ〉|Φν〉 (S3)
=
∑
µ,ν
cµν
(
e−iHˆRt|χµ〉
)
e−iHˆrt|Φν〉.
7The dynamics of the second moment of the COM wave func-
tion is obtained as
〈Ψ(t)|Rˆ2|Ψ(t)〉 (S4)
=
∑
µ′,ν′
∑
µ,ν
c∗µ′ν′cµν〈χµ′ |eiHˆRtRˆ2e−iHˆRt|χµ〉
×
(
〈Φν′ |ei(Hˆr−Hˆr)t|Φν〉
)
=
∑
µ′,µ,ν
c∗µ′νcµν
(
〈χµ′ |eiHˆRtRˆ2e−iHˆRt|χµ〉
)
.
From the last line of Eq. (S4) it can be seen that the result is
independent of the interaction strength during the time evolu-
tion. The time evolution of the COM variance thus depends
only on the initial state (through the expansion coefficients
cµν) and the external potential through the COM Hamilto-
nian HˆR. This fact can be used as a sanity check for MCT-
DHB simulations, which, if fully converged, should produce
the same time evolution for the COM variance for different
values of the interaction strength.
EXACT SOLUTION OF THE TWO-PARTICLE PROBLEM
The ground state of N = 2 particles in a time-independent
harmonic trap with frequency ω0 is described by a product
of the center-of-mass (COM) and relative motion wave func-
tions: Ψ(R, r) = ψ0(R)φ0(r). The analytical form of the
COM wave function is
ψ0(R) =
(
2mω0
pi~
)1/4
e−mω0R
2/~ (S5)
where R = (x1 + x2)/2. On the other hand, the relative
motion wave function with the normalization constant A and
harmonic oscillator length scale, λ0 =
√
~/mω0, can be ob-
tained as
φ0(r) = Ae
−r2/4λ20U
(
−ν
2
,
1
2
,
r2
2λ20
)
, (S6)
where r = (x2 − x1) is the relative coordinate, U(a, b, x) is
the confluent hypergeometric function of the second kind and
ν comes from the discontinuity in the first derivative due to
the delta interaction [3]. Explicitly, ν is calculated by solving
the transcendental equation
ν =
gmλ0
~2
√
2
Γ(1− ν/2)
Γ(1/2− ν/2) . (S7)
The ground-state energy is given by
E2,exact0 = Erel + ECOM (S8)
= ~ω0
(
ν +
1
2
)
+
~ω0
2
= ~ω0(ν + 1),
and the exact results for the natural occupancy are obtained by
numerically diagonalizing of the single particle density matrix
〈ψˆ†(x)ψˆ(y)〉 = 2
∫
dzΨ∗(x, z, t = 0)Ψ(y, z, t = 0) (S9)
= 2
∫
dzψ∗0((x+ z)/2)φ
∗
0(x− z)
× ψ0((y + z)/2)φ0(y − z).
After turning off the trap, the Gaussian COM wave function
expands. In particular, the time evolution of the COM wave
function represents the textbook example of Gaussian wave
propagation [4]
ψ(R, t) ∝
(
1 + i
~t
mλ20
)−1/2
(S10)
× exp
(
− R
2
λ20[1 + i~t/(mλ20)]
)
.
The COM wave function spreads leading to a variance in-
creasing quadratically in time
σ2R(t) =
λ20
4
[
1 +
(
~t
mλ20
)2]
. (S11)
The relative motion after trap release, on the other hand,
is dominated by the bound state of the attractive δ interac-
tions. Indeed, since the δ function has exactly one bound
state, near the origin the relative motion wave function will
approach this bound state in the long time-limit and pos-
sible other contributions from scattering state will disperse.
The initial relative motion wave function can be expressed
in terms of the bound state and scattering states: φ0(r) =
cbφBS(r) +
∫
dkeikrck, where the bound state is φBS(r) =√
m|g|
2~2 exp
(
−m|g||r|
2~2
)
. Then, the expected variance of the
relative motion wave function in the long time limit must be
σ2r ≥ σ2BS =
∫
drr2|φBS(r)|2 = 2~4/m2g2.
MCTDHB SIMULATIONS WITH N = 2 PARTICLES
In the main text we have demonstrated the ambiguity of the
studying the eigenvalues of the single-particle density matrix,
the natural occupations, for a specific MCTDHB simulation.
For N = 2 particles we are able to vary the number of modes
M over a good range, which permits a conventional study of
convergence with respect to mode number. It is further pos-
sible to analyse the shape of the two-particle wave function
in the MCTDHB approximation, which sheds some light on
the unphysical coupling of relative and COM motion in the
truncated multi-mode expansion.
Convergence of MCTDHB results with increasingM
We test the convergence by checking whether relevant
quantities, e.g. the variational ground-state energy, remain un-
changed as the number of modes M is increased. The results
8g˜ = −3.1623 g˜ = −2
M E/~ω0 nNO0 /N nNO1 /N E/~ω0 nNO0 /N nNO1 /N
1 -0.5787 1 0 -0.0915 1 0
3 -1.1451 0.9342 0.0536 -0.1356 0.9613 0.0316
5 -1.3817 0.9062 0.0701 -0.2244 0.9483 0.0392
8 -1.5546 0.8846 0.0825 -0.2788 0.9387 0.0451
10 -1.6213 0.8761 0.0872 -0.3005 0.9355 0.0470
Exact -1.9527 0.8251 0.1142 -0.3993 0.9202 0.0563
TABLE I. Ground state energy E and the two largest natural occu-
pations from MCTDHB calculations of N = 2 trapped bosons.
in Table I are still varying at the level of several percent be-
tween M = 8 and M = 10 and thus indicate, correctly, that
the MCTDHB expansion converges very slowly and is not yet
fully converged with 10 modes. While this way of testing
convergence is reliable and has produced the correct answer,
varying M from one to ten modes is a luxury that can only
be afforded for small particle numbers N . In simulations with
hundreds to thousands of particles (e.g. [5–7]), the options for
choosing M are severely limited due to the unfavorable scal-
ing of numerical effort when both N and M are large.
We have also considered how the dependence of the COM
variance of the trapped ground state on the interaction strength
g changes for different numbers of modes M . For brevity, we
introduce the dimensionless interaction parameter where g˜ =
gmλ0/~2. For N = 2, this coupling constant is related to the
ratio between relevant length scales via g˜ = −0.55 σR/σsol,
where the prefactor changes with N . Figure S1 compares the
COM variance from MCTDHB calculations with the exact re-
sult σ2R = λ
2
0/4 from Eq. (2) of the main text. It is apparent
that the MCTDHB results deviate severely from the exact val-
ues for strongly attractive interaction, and that convergence
of the MCTDHB expansion with increasing the number of
modes M is exceedingly slow.
In Fig. S2, we present the dependence of the natural oc-
cupation on the interaction parameter. A couple of remarks
pointing to the ambiguity of this convergence indicator are
in order. First, by looking at the results for M = 10 and
g˜ = −10 one is tempted to conclude that MCTDHB has al-
ready converged since three orbitals are below 0.1%. But,
we know from Fig. S1 that for the same interaction strength
the MCTDHB COM variance is still far from the exact value.
Second, it can be seen that all the natural occupations, except
for the highest one, are shifted up as the number of single-
particle modes M is increased. This further exemplifies the
failure of the convergence requirement based on the lowest
occupancy. For example, the 5th lowest natural occupation at
g˜ = −2 is below 0.1% for M = 5, while this is not true for
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FIG. S1. COM variance for the trapped ground state as a function
of interaction strength from MCTDHB simulations for different val-
ues of M (symbols). The solid horizontal line denotes the exact
ground-state COM variance σ2R = λ
2
0/4. For comparison, the dash-
dotted line shows the exact relative-coordinate variance σ2BS of the
two-particle bound state.
M = 10, where the 5th single-particle mode is now above the
cut-off value.
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FIG. S2. (Color online) Natural occupations for the MCTDHB cal-
culations of Fig. S1 for (a) M = 5 and (b) M = 10. The dashed
horizontal line denotes the convergence criterion of 0.1% = 10−3.
Lastly, we look at the rate of convergence for observables,
in particular the ground state energy and the single-particle
density variance, as depicted in Fig. S3. We find that the MCT-
9DHB results approach the exact values with a slow power law
as a function of the number of single-particle modes M , i.e.
|Oexact−OM | ∼Mν . The empirical exponent ν lies between
−1 and − 12 , which indicates slightly faster convergence than
the − 12 leading exponent of the full-CI expansion of two 1D
bosons with point interaction in a fixed harmonic oscillator
basis [8]. We note that this power-law behavior only sets in
for mode numbers larger than M = 6 in this case and the
convergence rate is significantly slower for smaller M . This
may be because the variational optimisation of the modes is
particularly effective for small M . It also means, however,
that in the pre-power-law regime of M < 6 increasing the
number of modes brings even less effect than the empirical
power law would suggest that governs larger regimes of M .
Unfortunately, for particle numbers in the hundreds or larger,
the scaling of computational resources practically limits the
application of MCTDHB exactly to the small M regime.
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FIG. S3. Convergence with increasing number of modes M for
g˜ = −2: (a) Ground-state energy and (b) single-particle density
variance. Dashed horizontal lines correspond to the exact values.
Symbols denote the MCTDHB results for different M . The expo-
nent of the power law fit, ν, is also shown. (Inset) Log-log plot of
the absolute difference between the exact and MCTDHB results.
Delocalization of COM: Unphysical coupling of COM and
relative motion
In order to understand how MCTDHB deals with the com-
peting length scales and why it violates the separation of COM
and relative motion, it is instructive to plot the two particle
density, as shown in Fig. S4 for N = 2. In these plots, the di-
agonal (x = y) represents the COM coordinate R and the an-
tidiagonal (x = −y) the relative motion coordinate r. While
the left hand panels relate to the ground state of g˜ = −1,
the right hand panels relate to a later time tω0 = 30 after
trap release. Here the COM wave function has expanded sig-
nificantly according to Eq. (S11), whereas the relative-motion
bound state is hardly changed. The upper two panels show the
exact result and panel (b) clearly demonstrates the diverging
length scales. Note the changing spatial scale between panels
(a) and (b).
The middle panels (c) and (d) present the M = 1 (Gross-
Pitaevskii) result. At this level, the COM and relative mo-
tion length scales are identical because the product form of the
state with a single mode function |Ψ(x, y)|2 = |φ(x)|2|φ(y)|2
together with the inversion symmetry of the problem forces a
four-fold symmetry and leaves no option to distinguish the
two diagonal directions. For long times, the wave function
expands in both directions and the COM and relative motion
length scales are identical.
The lower panels (e) and (f) report an MCTDHB simulation
with M = 5 modes. The trapped ground state in S4(e) is ap-
proximated better than with M = 1, although some more de-
tailed features are missing. The long-time profile in Fig. S4(f)
shows five separated peaks with each one exhibiting a four-
fold symmetry and resembling the M = 1 result, albeit on
a different scale. As the MCTDHB expansion is a sum over
symmetrized product states, different numbers of modes M
will produce up toM peaks with diagonal – off diagonal sym-
metry. Thus for given M , the COM and relative motion are
strongly coupled and expansion dynamics, where the COM
length scale grows over time, will not be captured correctly.
Furthermore, this discretised behavior due to finite M leads
to an impractical number of M needed to correctly model the
limit of a delocalised COM but localised relative motion.
FIG. S4. Two-body density ρ(2)(x, y) = 2|Ψ(x, y)|2 for g˜ = −1
at different times: Left [(a),(c),(e)] tω0 = 0 and right [(b),(d),(f)]
tω0 = 30. Comparison between [(a),(b)] Exact, [(c),(d)] Gross-
Pitaevskii (M = 1), and [(e),(f)] M = 5.
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PROOF OF THE BOUNDS FOR THEWIDTH OF THE
SINGLE-PARTICLE DENSITY
In this section, we are going to prove the bounds for the
variance of the exact single-particle density manifested in the
shaded region in Fig. 4 of the main text. For systems with
a Hamiltonian that is separable in the COM and relative mo-
tion coordinate, we can conveniently introduce the following
change-of-variables for the COM coordinate R:
R =
N∑
j=1
xj/N (S12)
and for the relative motion coordinate with i ≥ 2 [9]:
ri =
√
i− 1
i
(
xi − 1
i− 1
i−1∑
k=1
xk
)
. (S13)
This means that the many-body wave function is given by
Ψ(x1, x2, . . . , xN ) = χ(R)Φ(r2, r3, . . . , rN ). (S14)
This allows us to write the single-particle density profile as
ρ(xN ) =
∫ ∞
−∞
N−1∏
j=1
dxjF (R)G(r2, r3, . . . , rN ), (S15)
where,
F (R) = |χ(R)|2 (S16)
and
G(r2, r2, r3, . . . , rN ) = |Φ(r2, r3, . . . , rN )|2 (S17)
Note that we can express rN as:
rN =
N√
N2 −N (xN −R). (S18)
Then we can transform the integration from
∏N−1
j=1 dxj →
|J |∏N−1j=2 drjdR, where J is the corresponding Jacobian.
The single-particle density becomes
ρ(xN ) = |J |
∫ ∞
−∞
N−1∏
j=2
drjdR F (R) (S19)
×G(r2, r3, . . . , N√
N2 −N (xN −R)).
The (N−2) integrations over drj can now be done separately
and be used to define a new function
H(xN −R) =|J |
∫ ∞
−∞
N−1∏
j=2
drj× (S20)
G(r2, r3, . . . ,
N√
N2 −N (xN −R)),
which allows us to write the single-particle density as
ρ(xN ) =
∫ ∞
−∞
dR F (R)H(xN −R). (S21)
One can see that indeed the single-particle density profile is
just a convolution between the |χ(R)|2 and another function
H that is associated with the relative-motion wave function.
The function H can be further interpreted as the mean-
density for a fixed COM position. This can be justified by
following Ref. [10]. We write the single-particle density in
this case as
ρ(x′N |R) =
∫ ∞
−∞
dx1 . . . dxNδ
(
R−
N∑
k=1
xk/N
)
(S22)
× δ(x′N − xN )
∣∣∣∣Φ(x2 − x1√2 ,
√
2
3
(x3 − 1
2
(x2 + x1)),
. . . ,
√
N − 1
N
xN −
√
1
N2 −N
N−1∑
k=1
xk
)∣∣∣∣2.
The integration over dxN can be easily done due to the pres-
ence of the δ-function leading to
ρ(x′N |R) =
∫ ∞
−∞
dx1 . . . dxN−1δ
(
R−
N−1∑
k=1
xk + x
′
N
N
)
(S23)
×
∣∣∣∣Φ(x2 − x1√2 ,
√
2
3
(x3 − 1
2
(x2 + x1)),
. . . ,
√
N − 1
N
x′N −
√
1
N2 −N
N−1∑
k=1
xk
)∣∣∣∣2.
Again we transform the integration variables using Eq. (S13)
such that
∏N−1
j=1 dxj → |J |
∏N
j=2 drj , where we define
rN =
√
N − 1
N
(
x′N −
1
N − 1
N−1∑
k=1
xk
)
. (S24)
This yields
ρ(x′N |R) = |J |
∫ ∞
−∞
N∏
j=2
drj
∣∣∣∣Φ(r2, . . . , rN)∣∣∣∣2 (S25)
× δ
(
R− x′N − rN
√
N − 1
N
)
.
Lastly, we integrate over the drN to find that indeedH is equal
to ρ(xN |R),
ρ(x′N |R) = H(x′N −R) (S26)
It is straightforward to show that the variances add in a con-
volution provided that at least one of the functions is centered
at the origin (in our case the COM wave function):
σ2n =
∫ ∞
−∞
(x− 〈x〉)2(F ∗H)dx (S27)
= σ2R + σ
2
r
11
where σ2R =
∫∞
−∞ x
2F (x)dx, σ2r =
∫∞
−∞(x − 〈x〉)2H(x)dx
and the functions F and H are normalized to unity. From
Eq. (S27), it can be deduced that the width of the exact
single-particle density will always be greater than the width
of the COM wave function, σ2R ≤ σ2n and the equality is
satisfied in the limit of large interaction coupling g → ∞
(σ2r → 0). Moreover, the variance of the relative motion den-
sity for an untrapped state is smaller than the untrapped case,
i.e., σ2r / σ2sol, where σ2sol is an excellent approximation of
the untrapped relative motion variance that becomes exact for
large N [10]. This means that the bounds for the exact single-
particle density must be
σ2R ≤ σ2n / σ2R + σ2sol. (S28)
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